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Recently, a novel 4D Einstein-Gauss-Bonnet gravity has been proposed by Glavan and Lin [Phys.
Rev. Lett. 124, 081301 (2020)] by rescaling the coupling α → α/(D − 4) and taking the limit
D→ 4 at the level of equations of motion. This prescription, though was shown to bring non-trivial
effects for some spacetimes with particular symmetries, remains mysterious and calls for scrutiny.
Indeed, there is no continuous way to take the limit D → 4 in the higher D-dimensional equations
of motion because the tensor indices depend on the spacetime dimension and behave discretely. On
the other hand, if one works with four-dimensional spacetime indices the contribution corresponding
to the Gauss-Bonnet term vanishes identically in the equations of motion. A necessary condition
(but may not be sufficient) for this procedure to work is that there is an embedding of the four-
dimensional spacetime into the higher D-dimensional spacetime so that the equations in the latter
can be properly interpreted after taking the limit. In this note, working with 2D Einstein gravity,
we show several subtleties when applying the method used in [Phys. Rev. Lett. 124, 081301 (2020)].
I. INTRODUCTION
Although General Relativity (GR) is the most estab-
lished and successful theory of gravity, it must be mod-
ified [1–5]. This is partially because GR is not theoreti-
cally complete and partially because several experimental
observations, which are closely related to gravitational
interaction, cannot be explained by it. Quantum effects,
as typically shown in String theory, are believed to gen-
erate higher-order curvature terms in the low-energy ef-
fective theory of gravity. The most general metric the-
ory of gravity which yields conserved second-order equa-
tions of motion in an arbitrary D-dimensional spacetime
is given by Lovelock theory [6]. The Lagrangian of Love-
lock theory is given by a sum of terms with each term,
L(n) (2n < D), being the (generalized) Euler density in
2n-dimensional spacetime. For the critical dimension of
spacetime D = 2n, L(n) becomes topological and does
not contribute to local dynamics. For example, when
D = 4, the Gauss-Bonnet term, L(2), has no local dy-
namics and Lovelock theory reduces to GR. For studies
of gravity with the Gauss-Bonnet term, see e.g. Refs. [7–
15].
Very recently, Glavan and Lin [16] proposed a novel
four-dimensional (4D) Einstein-Gauss-Bonnet gravity
where the Gauss-Bonnet term does contribute to local
dynamics. To extract the local dynamics, they first
rescale the coupling associated with the Gauss-Bonnet
term in D-dimensional spacetime, α → α/(D − 4), and
then take the limit D = 4 in the equations of motion.
Through this process, they were able to obtain finite
contributions from the Gauss-Bonnet term in the local
equations of motion for some four-dimensional space-
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times with particular symmetries. This prescription has
also been used earlier in Refs. [17, 18] and below we
shall refer to it as the dimensional-regularization pre-
scription. Although the proposed 4D Einstein-Gauss-
Bonnet gravity has already intrigued a large amount of
work in applications (see Refs. [19–51]), the dimensional-
regularization prescription has not been justified with the
matched rigor. In this note, we examine it for the sim-
plest case, i.e. two-dimensional (2D) Einstein gravity,
and show that, without care, one may give incorrect in-
terpretations in the obtained equations of motion. In the
next section, we review the dimensional-regularization
prescription used in Ref. [16]. In Sec. III, we apply the
dimensional-regularization prescription to 2D Einstein
gravity. Section IV is left for discussions and conclusions.
II. DIMENSIONAL-REGULARIZATION
PRESCRIPTION
It is well known that the Gauss-Bonnet term is topo-
logical in four-dimensional spacetime while it becomes lo-
cal in higher-dimensional spacetime. The integral of the
Gauss-Bonnet invariant over a four-dimensional space-
timeM4 (properly compactified) gives the Euler charac-
teristic χ(M4) via
χ(M4) = 1
32pi2
∫
M4
d4x
√−g G, (1)
where
G = RµνρσRρσµν − 4RµνRµν +R2 = 6Rµν[µνRρσρσ] (2)
is the Gauss-Bonnet invariant. The action from a topo-
logical term is thus invariant under the variation of the
metric field whose boundary values are fixed. Thus,
the Gauss-Bonnet term does not contribute to local dy-
namics. Further, in classical gravity, the topology of
2the spacetime is fixed which makes the Gauss-Bonnet
term totally unobservable. (While in quantum gravity,
one may sum over geometries with different topologies
which might lead to observable effects.) However, the
Gauss-Bonnet term becomes local when going beyond
four-dimensional spacetime and does contribute to local
dynamics in the equations of motion. One may expect
that all the contributions from the Gauss-Bonnet term in
Einstein’s equations in higher D-dimensional spacetime
carry a factor of D − 4 so that they vanish when D = 4.
To extract finite contributions to the local dynamics
from the Gauss-Bonnet term, the authors in Ref. [16]
rescale the coupling α to α/(D − 4) which leads to the
following action
SEGB =
∫
dDx
√−g
[
M2P
2
R− Λ + α
D − 4G
]
. (3)
While one still keeps the general D in deriving the equa-
tions of motion (obviously, it makes no sense to put
D = 4 in the action), one may be able to take the limit
D = 4 finally. It was shown explicitly that for some
highly symmetric spacetimes, the factor 1/(D − 4) from
the new action will cancel out all the factors D − 4 in
Einstein equations, giving rise to finite contributions af-
ter takingD = 4 [16]. The cancellation was also expected
for more general cases.
If the dimensional-regularization prescription does
work in general, it would be astonishing because one can
then apply the same trick to other Lovelock densities
in Lovelock gravity in D-dimensional spacetime and ob-
tain finite contributions to the local dynamics in lower-
dimensional spacetime which would be otherwise vanish-
ing without playing the trick [52]. To see it, we recall the
general Lovelock Lagrangian
L =
t∑
n=0
L(n) =
√−g
t∑
n=0
αnR(n) (4)
where
R(n) =
1
2n
δµ1ν1...µnνnα1β1...αnβn
n∏
r=1
Rαrβrµrνr , (5)
when multiplied by
√−g, are the generalized Euler den-
sities in 2n-dimensions (also called as the Lovelock den-
sities). Here
δµ1ν1...µnνnα1β1...αnβn = n! δ
µ1
[α1
δν1β1 ...δ
µn
αn
δνn
βn]
(6)
is the generalized Kronecker delta symbol. For example,
R(0) = 1, R(1) = R, R(2) = G, giving the cosmologi-
cal constant, the Hilbert-Einstein and the Gauss-Bonnet
terms, respectively. In Eq. (4), t = D/2 for even D and
t = (D − 1)/2 for odd D. This is simply because there
is no nonvanishing p-form for p > D in D-dimensional
spacetime (the generalized Kronecker delta vanish for
2n > D).
Every term L(n) has a corresponding geometrical
interpretation as the Gauss-Bonnet invariant does in
four-dimensional spacetime. In 2n-dimensional compact
spacetime M2n we have
χ(M2n) = 1
(4pi)nn!
∫
M2n
d2nx
√−gR(n), (7)
where χ(M2n) is the Euler characteristic. Thus, the
term L(n) is topological in 2n-dimensional spacetime
(and hence does not contribute to any local dynamics)
while becomes local in D > 2n dimensional spacetime.
Therefore one may also expect that the contributions in
the equations of motion inD > 2n dimensional spacetime
from L(n) are proportional to D− 2n. One can then ab-
sorbD−2n into αn to generate finite local dynamics from
the topological term in 2n-dimensional spacetime. In
particular, the method may be applied for Einstein grav-
ity, with which we are very familiar, in two-dimensional
spacetime.
One can further extend this procedure to gauge the-
ories when there are terms that are topological in cer-
tain dimensional spacetime but cease to be so in higher-
dimensional spacetime. For instance, the second Chern-
form trFµν F˜
µν , which plays an important role in quan-
tum chromodynamics (QCD), is topological in four-
dimensional spacetime.
Since the consequences of the dimensional-
regularization prescription, i.e. generating local
dynamics from topological terms, are so novel, it per-
haps requires more rigorous scrutiny. The very crucial
condition for the dimensional-regularization prescription
to work is that the continuous limit D → 4 can be
properly taken in the higher-dimensional equations of
motion. Although this is believed and assumed by
Glavan and Lin, to our opinion, it has not been proved
explicitly.1 (Otherwise, one can immediately apply the
dimensional-regularization prescription in 4D Einstein-
Gauss-Bonnet gravity for any spacetime, without the
help of particular symmetries.) In the next section, we
examine the dimensional-regularization prescription in
the simplest case, the 2D Einstein gravity.
1 As noted in Ref. [16], one support on this assumption is the
Einstein-Lovelock equations in terms of differential forms [53],
presented in equation (5) in that paper. However, that
differential-form equation can only be read correctly for D > 2p,
as indicated by the indices and by itself cannot be applied to the
limit D = 2p.
3III. 2D EINSTEIN GRAVITY
We consider 2D Einstein gravity
S =
∫
d2x
√−g [αR− Λ + Lmatter] . (8)
It has been known that 2D Einstein gravity, unless ad-
ditional non-minimal coupling to other fields is included,
is trivial. This is because
√−gR is a total derivative in
two-dimensional spacetime, precisely as the case for the
Gauss-Bonnet term in four-dimensional spacetime. Tak-
ing the variation with respect to the metric, one obtains
Λgµν = Tµν , (9)
where
Tµν =
2√−g
δ (
√−gLmatter)
δgµν
. (10)
Taking the trace, one has Λ = T/2 where T is the trace
of the energy-momentum tensor. For a two-dimensional
conformal field, whose energy-momentum tensor is trace-
less, a cosmological term is thus inconsistent.
Now we want to generate local dynamics from the
Einstein-Hilbert term in two-dimensional spacetime, fol-
lowing Ref. [16]. Quite interestingly, the obtained the-
ory is equivalent to what obtained much earlier by Mann
and Ross [54, 55]. Although they also suggested deriv-
ing the theory via rescaling the coupling and taking the
D → 2 limit for GR, their theory can be formulated as
one in which there is a scalar field non-minimally cou-
pled to gravity and no divergent coupling at the action
level. Thus their theory is solidly based and does not
crucially rely on the dimensional-regularization prescrip-
tion. More details can be found in Refs. [56–60]. Here
we will take this simple example to draw some caution
on the application of the dimensional-regularization pre-
scription where one takes the D → 2 limit at the level of
equations of motion.
We now consider the D-dimensional theory
S =
∫
dDx
√−g
[
α
D − 2R− Λ + Lmatter
]
. (11)
Einstein field equations read
2α
D − 2
(
Rµν − 1
2
Rgµν
)
+ Λgµν = Tµν . (12)
Now taking the limit D → 2 from above, i.e. from D > 2,
in the Einstein equation is subtle, if not ill-defined. Even
the limit D → 2 can be understood in a continuous sense
for some explicit factors of D− 2 appearing in the equa-
tions of motion, the indices behave discretely. For ex-
ample, there are D(D − 1)/2 independent components2
2 D of them are constraint equations.
in the Einstein equation and the metric tensor. How
these equations continuously evolve from the higher D-
dimensional case to the two-dimensional case in which we
have only one independent metric component? For in-
stance, what does it mean by taking D = 2.1 in Eq. (12)
if we are concerned about the indices?3 If we assume that
the indices take values as in a two-dimensional spacetime
before taking the limit, then the Einstein tensor vanishes
identically. Anyway, the indices cannot take a continuous
value. The problem pointed out here is general for the
dimensional-regularization prescription, not only specific
to 2D Einstein gravity. We refer to it as the index prob-
lem.
Whether or not one can extract a total factor D− 2 in
the Einstein tensor in D-dimensional spacetime is unim-
portant. For an integer D ≥ 3, defining a tensor Hµν
through Gµν ≡ (D − 2)Hµν is trivial; Hµν has exactly
the same tensor structure as the Einstein tensor. Even
if we ignore the index problem when we take the limit
D → 2, it is mysterious if Gµν vanishes while Hµν does
not for D = 2 when they have the same tensor structure.
Then in which cases may the limit have physical in-
terpretations? First, for scalar equations, e.g. the trace
of the Einstein equation, there is not the index problem.
For the general tensor equations, we have to first embed
the two-dimensional spacetime into the D-dimensional
spacetime so that there is a clear map between the com-
ponents of the metric tensors and the Einstein equations
in the higher- and lower-dimensional cases. Consider a
two-dimensional spacetime with coordinates {x0, x1} em-
bedded in a D-dimensional spacetime with coordinates
{x0, x1,xa} where a = 2, ..., D − 1. Then one may take
the D → 2 limit for the zero-zero, zero-one and one-
one components in the Einstein equation. After taking
the limit, one may simply discard the equations for the
components from the extra dimensions. Note that, the
dimensional-regularization prescription differs from the
dimensional reduction through Kaluza-Klein compacti-
fication. In the former the extra dimensions have no
physical meaning and only serve to define the limit [16].
For the example spacetimes that have been worked out
in Ref. [16] in which the metric is given through an
Ansatz which is valid for both the higher- and lower-
dimensional cases, the embedding is automatically as-
sumed. For example, when constructing a black hole
solution in the 4D Einstein-Gauss-Bonnet gravity from
the 5D solution, it was assumed that the three-space
of the four-dimensional spacetime lies on the equato-
3 In the dimensional regularization in quantum field theory, one
also encounters quantities carrying indices, e.g. momenta. But
there one typically takes analytic continuation of D in the results
of the loop integrals which carry no tensor index. For a rigorous
treatment, see e.g. Ref. [61].
4rial hyperplane in the four-space of the five-dimensional
spacetime. Our question is, does the obtained solution
through the dimensional-regularization prescription de-
scribe a four-dimensional black hole faithfully or an ef-
fective one viewed on the equatorial hyperplane in the
five-dimensional Schwarzschild spacetime? The full an-
swer will not be pursued in this note but we will show
the possibility for the latter interpretation through 2D
Einstein gravity.
Taking the trace of Eq. (12), we obtain
−αR+DΛ = T. (13)
This equation is correct for D > 2 but now the limit
D = 2 can be taken and gives
−αR+ 2Λ = T (14)
without causing any trouble. Do we obtain a non-trivial
local dynamics for 2D Einstein gravity? Yes and no. For
the yes, it is because in this case one may give a certain
interpretation for the obtained equation of motion, as we
shall show how later. For the no, it is because when
we trace back to the origin Eq. (14) is really inherited
from the higher-dimensional dynamics. To see it more
clearly, assume we live in a D = 3 dimensional world
where the Einstein-Hilbert term contributes to the equa-
tion of motion (but no propagating gravitational modes).
(Three-dimensional spacetime may not be a good exam-
ple because 3D Einstein gravity can be formulated as
Chern-Simons theory and hence is also topological, see
Ref. [62].) Then Eq. (13) gives the 3D trace equation
−αR+ 3Λ(3) = T. (15)
If we pretend to take the limit (D = 3) → 2, we are
simply redefining the cosmological constant Λ = 3Λ(3)/2.
Now if we restrict R(t, x, y), T (t, x, y) (with {t, x, y}
being a chosen coordinate frame) on the two-dimensional
subspace {t, x} and interpret Λ ≡ 3Λ(3)/2 as an (ef-
fective) cosmological constant in this two-dimensional
spacetime {t, x}, we can interpret Eq. (14) as describ-
ing 2D local gravity dynamics from the Einstein-Hilbert
term. However, this is an illusion because we are really
working with the higher-dimensional dynamics but look
at a sub-spacetime embedded in it. If one wanders on a
wire and gets surprised by the local gravity he/she sees,
he/she may explain all this by just taking a step off that
wire.
The trace equation (13) describes the full dynamics for
the maximally symmetric spacetime. Taking the limit
D = 2 for the vacuum case, one obtains R = 2Λ/α. As
we argued, this maximally symmetric two-dimensional
spacetime might be interpreted as a time-like two-surface
in higherD-dimensional spacetime. Different D gives dif-
ferent relation between Λ(D), the cosmological constant
in D-dimensional spacetime, and the effective Λ. We
can also work with the Friedmann-Lemaˆıtre-Robertson-
Walker (FLRW) universe and the Schwarzschild space-
time, precisely as what the authors of Ref. [16] did for
the 4D Einstein-Gauss-Bonnet gravity. With Ansatzs for
the metric, one can reduce Einstein equations to scalar
equations.
For a D-dimensional FLRW metric ds2 = −dt2 +
a2(t)[(1/(1−kr2))dr2+ r2dΩ2D−2] with dΩ2D−2 being the
metric of the unit (D−2)-sphere, Einstein equations (12)
lead to the Friedman equation
α(D − 1)
(
H2 +
k
a2
)
= ρ+ Λ, (16)
and the continuity equation
ρ˙+ (D − 1)(ρ+ p)H = 0, (17)
where ρ = T00, p = Tii and H = a˙/a with ˙ represents
the derivative with respect to t. The derivation of the
above equations is tedious and the details are given in
Appendix A. One indeed can take the limit D = 2. How-
ever, in this case even the embedding picture should be
interpreted with care because the equations for D > 2 is
not related to D = 2 by simple redefinitions of parame-
ters because there is no other parameter except for the
dimension D in the continuity equation.
For Schwarzschild spacetime, we consider the following
metric
ds2 = −e2ω(r)dt2 + e−2ω(r)dr2 + r2dΩ2D−2. (18)
The dynamic equations could be derived similarly as
in Appendix A. For example, we consider the vacuum
Einstein equation with vanishing cosmological constant,
Gµν=0, in D-dimensional spacetime. With the metric
Ansatz (18), the component equations G00 = 0 and
G11 = 0 give the same equation while Gii = 0 with i ≥ 2
give another equation [63]. We finally have4
(D − 2)e2ω
2
(
2ω′
r
+
D − 3
r2
)
− (D − 2)(D − 3)
2r2
= 0,
(19a)
e2ω
2
[
2ω′′ + 2ω′2 +
(D − 4)(D − 3)
r2
]
− (D − 3)(D − 4)
2r2
= 0,
(19b)
where the prime denotes the derivative with respect to r.
We see that for the t-t and r-r components of the Einstein
equation (Eq. (19a)), the factors D − 2 will be cancelled
4 In Ref. [63], the metric signature is (+,−,−, · · · ,−). But the
equation of motion for ω(r) shall not depend on this choice of
the metric signature.
5out by the factor 1/(D − 2) in Eq (12). However for
the other component equations (Eq. (19b)), the divergent
factor 1/(D − 2) in Eq. (12) will not be cancelled out.
This may by itself again indicate an inconsistency of the
dimensional-regularization prescription. However, as we
mentioned above, one may also simply discard the the
other component equations beyond the {t, r} dimensions
when taking the D → 2 limit. One could also construct
2D black hole solutions [64].
We believe the above analysis also applies to the 4D
Einstein-Gauss-Bonnet gravity and therefore more checks
beyond the highly symmetric spacetimes are needed. We
emphasize that to define a theory, one shall be able to
fully determine the dynamical equations without sym-
metry constraints on the spacetime. Otherwise, the em-
bedding picture may be preferred. Note that the Gauss-
Bonnet term does play a role in four-dimensional anti-de
Sitter (AdS) spacetime in the context of AdS/CFT du-
ality [65]. Its topological nature, i.e. being a boundary
term, in the holographic renormalization correctly leads
to the standard thermodynamics for AdS black holes [66].
IV. CONCLUSIONS AND DISCUSSIONS
The novel 4D Einstein-Gauss-Bonnet gravity, recently
proposed by Glavan and Lin, has intrigued great inter-
ests in the community of gravity. In this theory, the
topological Gauss-Bonnet term was shown to have local
dynamics. The way to extract the local dynamics, how-
ever, relies on an unusual action principle where they
have a coupling α/(D − 4) associated with the Gauss-
Bonnet term in the action, and take the limit D = 4
in the equations of motion. One then expects that the
divergent factor D − 4 will be canceled out by the fac-
tors D − 4 in the equations of motion. In this note, we
first argue that, if this dimensional-regularization pre-
scription does work, then it can be applied as a gen-
eral method to extract local dynamics from topological
terms, even beyond gravity theories. Second, we point
out the index problem for this procedure. Specifically,
even though the factors D − 4 can be taken to the zero
limit continuously, the tensor indices take discrete values
and it is unclear how the equations of motion in a gen-
eral D-dimensional spacetime will converge to the four-
dimensional dynamical equations. One condition we ar-
gue is that the four-dimensional spacetime must be able
to be embedded into the higherD-dimensional spacetime.
Third, working with 2D Einstein gravity, we show a dif-
ferent interpretation on the obtained equations of motion
from the dimensional-regularization prescription.
If one constructs the four-dimensional dynamics
through dimensional reduction, there must be addi-
tional degrees of freedom introduced in the effective
four-dimensional theory. Indeed the effective 4D
Einstein-Gauss-Bonnet theory can be reformulated as
a scalar-tensor theory [67, 68] in which an extra scalar
field appears. It was shown that the linear perturbation
of the vacuum, however, contains only the gravity [69].
The asymptotic structure for such a scalar-tensor theory
has been studied in Ref. [70]. For different possible
remedies of the dimensional-regularization prescription,
which also typically lead to extra degrees of freedom,
see Refs. [71, 72]. At last, we note that, after the
appearance of this note, more and more authors have
raised doubts on the original 4D Einstein-Gauss-Bonnet
gravity obtained from the dimensional-regularization
prescription, see Refs. [73–79].
Note added: After this work has been finished inde-
pendently, the author noticed that the observation on 2D
Einstein gravity from the dimensional-regularization pre-
scription has also been made by Nojiri and Odintsov [64],
whose paper came out on arXiv only several days ago (03,
April) before the present work was submitted.
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Appendix A: Dynamic equations in 2D FLRW
universe from the dimensional-regularization
prescription
In this appendix we derive the dynamic equations
in the 2D FLRW universe using the dimensional-
regularization prescription. As we shall see, the
dimensional-regularization prescription indeed yields reg-
ular equations of motion in this highly symmetric space-
time. But this by no means proves the validity of the
dimensional-regularization prescription to define a the-
ory. And the problems and subtleties mentioned in the
main text should appear immediately if we go beyond
the highly symmetric spacetimes.
Our main task is to compute the Einstein tensor in
D-dimensional FLRW universe. Let us first consider
the simpler flat case, k = 0, with the metric ds2 =
−dt2 + a2(t)(dx21 + ...dx2D−1). It is easy to show that
the nonvanishing Christoffel symbols are
Γ0ij = δijaa˙, Γ
i
0j = δ
i
j
a˙
a
, (A1)
6where both δij and δ
i
j are the Kronecker symbol and i, j =
1, ..., D − 1. Using the formula
Rµν = Γ
α
µν,α − Γαµα,ν + ΓαβαΓβµν − ΓαβνΓβµα, (A2)
one obtains the nonvanishing components of the Ricci
tensor
R00 = −(D − 1) a¨
a
, Rii = (D − 2)a˙2 + aa¨. (A3)
The Ricci scalar is then
R = (D − 1)
[
(D − 2)
(
a˙
a
)2
+ 2
a¨
a
]
. (A4)
Finally, one obtains the nonvanishing components of the
Einstein tensor
G00 =
(D − 1)(D − 2)
2
(
a˙
a
)2
, (A5a)
Gii = − (D − 2)(D − 3)
2
a˙2 − (D − 2)aa¨. (A5b)
Substituting the above expressions into Eq. (12) and re-
calling T00 = ρ, Tii = pgii, we obtain
α(D − 1)H2 = ρ+ Λ, (A6a)
−α(D − 3)
(
a˙
a
)2
− 2αa¨
a
= p− Λ. (A6b)
Now taking the limit D → 2, we obtain the dynamic
equations in 2D flat FLRW universe in Einstein gravity
from the dimensional-regularization prescription. Note
that from Eqs. (A6a), (A6b), one can obtain the conti-
nuity equation (17).
Next we consider the general case ds2 = −dt2 +
a2(t)[dr2/(1 − kr2) + r2dΩ2D−2] where we used the co-
ordinates xµ = {t, r, θ1, ...θD−2}. In this case, all the
nonvanishing Christoffel symbols are
Γ0ii =
a˙
a
gii, Γ
i
0i = Γ
i
i0 =
a˙
a
, (A7a)
Γ111 =
kr
1− kr2 , Γ
1
22 = −r(1− kr2), (A7b)
Γ1ii = −r(1− kr2)(sin2 θ1 · · · sin2 θi−2), for i ≥ 3,
(A7c)
Γii1 = Γ
i
1i =
1
r
, for i ≥ 2, (A7d)
Γiik = Γ
i
ki = cot θk−1, for i > k ≥ 2, (A7e)
Γi(i+1)(i+1) = − sin θi−1 cos θi−1, for i ≥ 2, (A7f)
Γi(i+k)(i+k) = − sin θi−1 cos θi−1
× (sin2 θi · · · sin2 θi+k−2), for i ≥ 2, k ≥ 2. (A7g)
Now calculating the components of the Ricci tensor is
straightforward but tedious. First, one can show that
Rµν = 0 if µ 6= ν. For R00, we obtain the same result
as in Eq. (A3). Although Rii have different expressions
with different i, one can show that giiRii (here there is
no summation over i) has the same expression for any i.
The result is
giiRii = (D − 2) a˙
2
a2
+
a¨
a
+ (D − 2) k
a2
, (A8)
where there is no summation over i. This leads to that all
the (ii)-component equations of Eq. (12) are equivalent.
From the expression of R00 in Eq. (A3) and Eq. (A8),
one obtains the Ricci scalar
R = (D − 1)
[
(D − 2) a˙
2
a2
+ 2
a¨
a
+ (D − 2) k
a2
]
. (A9)
This finally leads to
G00 =
(D − 1)(D − 2)
2
(
H2 +
k
a2
)
, (A10a)
giiGii = − (D − 2)(D − 3)
2
(
H2 +
k
a2
)
− (D − 2) a¨
a
,
(A10b)
where in the second equation there is no summation
over i. Substituting the above equations into Eq. (12),
one then obtains the dynamic equations (16) and (17).
(Again, the continuity equation can be derived from the
original two dynamic equations after some simple alge-
bra.)
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